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Motivation and goal

Motivation and goal

o Interaction between immiscible fluids (Newtonian and non-Newtonian) but
also porous media, involving thin layers

. . cytoskeleton, spectrin
Applications:

@ biological liquids, e.g. red blood cells
(PhD. thesis of H. EI-Otmany) e

o flows in fractured porous media

membrane, lipid bilayer

Our goal

| A

@ Asymptotic modeling
@ Numerical treatment of interfaces

@ Conforming but also nonconforming finite elements:
inf-sup stable for Stokes equations
well-adapted to treat thin layers (no numerical locking ...)

—> Development of NXFEM for non-standard interface conditions




Motivation and goal

Outline

@ Presentation of NXFEM

© Extension to nonconforming FE
© Darcy flow with a thin layer

@ Stokes flow with a thin layer

© Perspectives



1. Presentation of NXFEM

Model problem

Y (@ve) = in Qin U Qe
u = 0 on Of)
[u] = 0 onT
[uVou] = g on T
where [u] = u'™ — u®®, = p™ in Q" p = p in QX

General idea of NXFEM

@ designed to take into account discontinuities on non-aligned meshes
@ introduced for conforming approximations of elliptic problems
(cf. Hansbo & Hansbo, CMAME 2002)
Characteristics:
@ variational problem with standard FE spaces enriched on cut cells
@ interface conditions treated weakly, by Nitsche's method




Presentation of NXFEM

Discrete variational formulation

up € W}in X Wﬁw, ah(u;“vh) = l(vh), Yy, € W;lln X Wﬁx

Bilinear and linear forms
ap, (up,vp) = Z / uNuy, - Vop, — /{uvnuh} [vn] — /{uvnvh} [up]
T iy iy

TeTh

63 /F fun] o]

TeTF

1(vp) :Z/Qfﬂh-i-/rg{vh}* s




Presentation of NXFEM

Weighted means and choice of parameters

{u} — kETye% + kinuin
{U}* _ kinuew 4 kewuin

ke =1, 0 < k™, ke <1 M

@ originally (Hansbo & Hansbo, CMAME 2002):

g TP e ama (i)
7| T 7|

~~ robustness with respect to the mesh-interface geometry.

@ improvement (Barrau, Becker, Dubach & Luce, CRAS 2012):

P Mex‘Tinl
- Neleinl 4 Mianeml’ - Heleinl 4 Mianez‘

ew _ pm|Ter| _ pr e | T
» T = Nin'Tez' 4L Mez‘Tinl

(see also Annavarapu, Hautefeuille, Dolbow, CMAME 2012)

~~ robustness with respect to the diffusion parameters, too.




Extension to nonconforming FE

2. Extension of NXFEM to nonconforming FE

Nonconforming Crouzeix-Raviart elements

Notation

o T, set of cells cut by T’
o &} set of edges of T

o £ set of cut edges contained in O

° N}:: intersection between cut edges and T’




Difficulty of the extension

o Conforming case: interpolation operator I} = (I,’:m, ;';") on W;m x Wge

o — E'lg — I, (E) | — I, (E"v)

v o = Ip'v

o Nonconforming case: W} replaced by

vi={oe2@iivlr e PV e T, [l =0, vee i

e
Then
/I;;iv#/v, Ve 5;""“75 1 =1in,ex
€ €

~> problem to estimate the consistency error on the cut edges

> Y [uVauil

1=1in, ex eEE,iL’C"t €




Extension to nonconforming FE

Proposed solutions (PhD. thesis of H. EI-Otmany)

o Modification of the basis functions on cut cells (DOF on cut edges)

Mi - —u/ — Ml
I Tin Il
B AT

B A B

up € Vh, ap(up,vp) = l(vp), Yoy € 7

o Addition of stabilization terms on cut edges

ui € Vi, (ap+ Ap+ Z 5 J;ZL) (ui,vh) =1l(vy), Yup €V,

i=in,ex
@ Relationship between the two approaches

li g _ =0
6i;niwllluh up ||

Generalization to Stokes equations




Extension to nonconforming FE

Numerical test

Reference test-case (Hansbo & Hansbo '02)
Data:

0 0=(0,1)% r=+/22+ 42 ro=3/4 T

o pin =1,y = 103 },
Stabilization parameters: o

e £ =10, 6™ = §°® =100 !
The exact solution is given by:

72 .
- if r <rg
NZTL
u(x,y) = r2 r2 r2
0 0
= if r > rg,

uez lueac + uln

v

Implementation in the C++ library CONCHA

@ conforming case (PhD. thesis of N. Barrau)

@ nonconforming case: second approach

10



Extension to nonconforming FE

Comparison with conforming NXFEM

Conforming FE

N energy norm | ratio | L?-norm | ratio

64 3.45e-01 1.00 | 2.83e-02 | 1.00
256 1.68e-01 2.05 | 6.27e-03 | 4.52
1024 8.03e-02 2.09 | 1.41e-03 | 4.45
4096 3.95e-02 2.03 | 3.38e-04 | 4.17
16384 1.97e-02 2.01 | 8.21e-05 | 4.11
65536 9.82e-03 2.00 | 2.02e-05 | 4.06

Nonconforming FE with stabilization

N energy norm | ratio | L%-norm | ratio
64 3.93e-01 1.00 | 3.16e-02 | 1.00
256 1.66e-01 2.36 | 6.03e-03 | 4.24
1024 7.89e-02 2.11 | 1.36e-03 | 4.44
4096 3.88e-02 2.03 | 3.24e-04 | 4.19
16384 1.88e-02 2.07 | 7.69e-05 | 4.21
65536 9.73e-03 2.05 | 1.71e-05 | 4.13
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Extension to nonconforming FE

Nonconforming NXFEM: computed solution

u
solution
507015 R:507015
04 Fo4
“02 02
0 0
-0,00015872 27752
Fig: Exact solution Fig: Computed solution
(N = 65536)
o =
o5
0.4
0.3-
0z
2.1
o
04 os 1 s 3 25 3

Fig: Profile along a

. 12
diagonal



Darcy flow with a thin layer

3. Darcy flow with a thin layer

Model problem

-V (KVa.) = [ inQruQluoe
e = 0 on 09,
[G] 0 onlnyure
[KVie-n] = 0 onIlmure
(
where K is a symmetric, positive definite tensor and
K™ in Qin fiv i Qi
K=¢ K° inQ% |, f=¢ 0 inQ0 , K°=limeK?
K in Qe* fe* in Qe® =0
@ €

h(§) h(§)
T <l< T}

Q0 = {CERQ;sz—I—Sln(f),{EFand —

n unit normal to the mean curve T, h : T' — R smooth and bounded

13



Darcy flow with a thin layer

Asymptotic modeling

Assumptions: rectilinear mean curve (I' = [0, 1]), constant thickness (h = 1).

Change of variables

(z,y) € Q; ~ (s,1) € Q, o(z,y) = v(s,)

Domain (z,y) New domain (s, ) Change of variables
s=x, l=y+ %

Qi =0,1[x] =1 -5, 5[ | 2 =10, 1[x] 32, F]

VSJU—ny’()
s=1, l:?y
Qg :]071[X]_767%[ Qo :]071[X]_Tl7%[
0sv = 0,0, O =0y
s =, lzy—%
Qe =]0,1[x]5,1+ £[ Qe =)0, 1[x]3, 3]

14



Darcy flow with a thin layer
Weak formulation

Variational problem

us €V, as(us,v):/ fv, YveV
QinyQex

where:

ae(u,v) = K"Vu - Vo + K*Vu - Vo+
Qin Qex

1
/ <5Kg’1183u83v + K2 15(0sudyv + Bjudsv) + €Kg’228lu8w>
Qo

V =Hy(Q)

Key point

| A

Uniform coercivity for € small enough: 3¢ > 0 s.t.

az(v,v) > c||v||%/, YoeV




Darcy flow with a thin layer
Convergence of u. as e — 0

o Jlucllv < ellfllo@muqes and [|Grucllo,a0 < cel| fllo,ainuger

= u. — up in V (at least a subsequence)
Oiue — 0in L2(Q°) and dyup = 0 a.e. in Q°

LOue — wo in L*(2°) (at least a subsequence)

° / (K?zasuo S5 ngwo) ov=0, VYweV
0o

K,

1294y a.e. in QO
70
B

= wo(s,l) =

If K2 is diagonal, then wy = 0.

16



Darcy flow with a thin layer

Limit problem

Variational limit problem

ug € Vo, ao(uo,v) = / fU, Yo € Vp
QiTLUQEI

where:

ap(u,v) = K™"Vu- Vv + K*Vu- Vv + / ap(s) Osu Osv
Qin Qen i

12 detKO(s, 1)
@(s) /1/2 K3(s,1) !

V():{UEV;aﬂ):OinQO}

o Well-posed problem w.r.t. |||[v][|? = Z [(EHY2V0l|2 o +||oz(1]/2(95v||%’F

i=in,ex

= wu. — up in V (the whole sequence)

17



Darcy flow with a thin layer

Limit problem

Asymptotic model problem

Let T T¢% s T, Q7 ~s x| —1,0[, €% ~»x]0,1[, 2 =]0,1[x]—1,1]

° v = r
V- (KVug) = f inQinuQe
Uug 0 on 092
[uo] 0 onTl
[KVug - n] — 9s(apdsug) = 0 onT

For a single domain with a thin layer: Ventcel's boundary condition.

18



Darcy flow with a thin layer

Extension to a smooth curved interface

Curvilinear coordinates

ng{CERZ;C=§+5ln(§),§EFand —w<l<m}

2 2

Assume the thickness is constant (h = 1) and the mean curve I' is smooth:
s€[0,1] —» £=¢&(s) €T, s curvilinear abscissa, {7,n} Frenet basis

dr dn .
Frenet's formulae: e e with = r(s) the curvature of T
s s

Oy %)T

In curvilinear coordinates (s,1), one has Vu = ,
l—erl’ ¢

Finally, we get the same interface condition on I':

[KVUO . n] — 3.,-(040(97-@60) =0

19



Darcy flow with a thin layer

NXFEM for the asymptotic model

Development of a stable and consistent numerical method of NXFEM type l

We focus on conforming FE ( ... natural extension to nonconforming FE).

For the sake of simplicity, assume K* diagonal: K* = x*I. Then ag = x°.

4

ap(u,vp) — l(vy) = / 0s(apOsu){vn }«
T

—= % [ aodwond.+ X (@oda)(Mf{unly

T
BT NeN}

o {wp}. is discontinuous along I" due to the weights k£, k% in the mean

o [u] =0 implies Osu = {Jsu} = {Osu}s on T

o Os{¢}« = {05}« on ' because k", k°* are constant on '

20



Darcy flow with a thin layer

NXFEM for the asymptotic model

ap’ (un, vp) =ap(un, v) + Z/ ap Os{un s Os{vn}s
T'r

TeTY

S ao<N>({as{uh}*}N[{vh}*}N+{as{vh}*}N[{uh}*1N)

NeNT

NeNT
with v > 0, yy = % and the jump / mean at a node N € N}
[ T
l i L1 ror l |F| T |F |
= -, =v +v , V=——— VUV = =
[pln =" =", {e}n o +vp 7+ 7] 7] + 7]

Since [{u}«]n = [u]y = 0 and {9s{u}.}n = Osu(NN), consistency follows:

ap® (u, vp) —l(vp) =0, Vop € W™ x We*

21



Darcy flow with a thin layer

NXFEM for the asymptotic model

el = > 12 Vel5 o+ Y hrl{EVag}llirr + Y rlllellg o

i=1in,ex TET,F T€7_hp

lelew = llell®+ 3" llag*0u{e}ulior + D wwliphdi

TeTr NeNT

Thanks to the choice of v!, v™ in {-}x and to ds{vs}. constant on I'', I'" =

1
{0s{vn b 3y < ey (10 {vn hallg po + 119 {vn ollG o
T} + |17

For simplicity, assume a constant. Then

|0 (V) {8 fun} Y [fon} ]| < o220 {un Y lo.rrore (M[{vh}*m)

For & and ~ large enough, stability follows:

new

ap® (vn, vn) > cllvnlfens  Yon € Wi x Wi®

22



Darcy flow with a thin layer

Numerical test

of:O,K?—Z:OonFN,u:uDonFD
o k'™ =k =1, K2 = 2000, ¢ = 0.001

@ same test as in Frih, Martin, Roberts & Saada, Comput. Geosci. 2012
(different limit problem; interface aligned with the mesh)

@ we obtain similar numerical results (both for aligned and not aligned
meshes)

23



Darcy flow with a thin layer
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Stokes flow with a thin layer

4. Stokes flow with a thin layer

Stokes Stokes Stokes
r
r Non-standard transmission
conditions
Original model problem Limit model problem
Model problem
—pAd. +Vpe = f mQruQua
divie = 0 inQmruUQluQe
e = 0 on 09
&2 — in ex
[ic] = 0 onTrUTE
— mn Eex
[Onte —pen] = g onTUTE
10 £0 g on I'Y
where p=4¢ &= in QO f=¢ — Q2 g=
9] 3 ex exr
ex ez ex - ex g on Fa
I in Q¢ f in Q¢ | E




Stokes flow with a thin layer

Rectilinear interface

Change of variables
(x,9) € AL~ (s,0) €Q,  B(z,y) = v(s,1)

In the thin layer:
- | . o = T 1
020 = Osv, Oy = gc'?lv, divy (01, 02)" = Osv1 + gam, dxdy = edsdl

Change of unknown pressure in Q° : ep? ~ p?

26



Stokes flow with a thin layer
Mixed formulation

Mixed weak formulation
(ue,pe) € H&(Q) X Lg(Q)
az—:(usav) - bs(pEav) = L(U)v Vv € H&(Q)

be(q, ue) = 0, Vq € L3(2)

= > /uVu w+/ Oasu.aswiz/ pP0u. - O
i £ 0o

i= zn exr

=a(u,v) + lao(u v)

Z /pdlvv+/ pOsv1 + — /p81v2
i 0

= zn ex

= b(pa 'U) + 7b0(pa ”U)

> [ for ¥ [

1=1in,0,ex i=in,ex 27




Stokes flow with a thin layer

Convergence of (u., p-) towards (ug, po)

Uniform well-posedness of mixed formulation

1/2 i —1/2
o ollZ = D lwPVell2gn Naldi= > e ?d 3 g

1=1in,0,ex 1=1in,0,ex

e uniform coercivity of a.(-,-) in H}(Q)

= wu. — ug in H}(Q) (at least a subsequence), dyu. — 0 in L?(Q°)
ug € Kerag = {v € Hyj(Q); Ov =0 in QO} =V
o key point: inf-sup condition of b(-,-) on My x Vj where

Mo := {q € L§(Q); ¢ = g(s) in Q°}

Let 50(s) = [/, p%(s, 1) dl for s € T. Then j. == (pi", p2, pc*)€ My and

b(pe, 1 a(ue,v) — L(v
1Bellar < < sup 2P _ L g e ) 2 LQ) g
B UEVO HUHV /8 veEVH ”v”V

= p. — po in L2(Q2) (at least a subsequence), py € My

28




Stokes flow with a thin layer
Limit problem

Variational limit problem

(u0,p0) € Vo x Mo
a(ug,v) — b(po,v) = L(v), Yv eV
b(guo) = 0, Vge M
o well-posed mixed problem (Babuska-Brezzi theorem)
= (e, Pe) — (up, po) (the whole sequence)
o I'" I T, QM I'x]—1,0[, Q% ~Tx]0,1[, Q~]0,1[x]-1,1]

Vo ~ {v e Hy(Q); yr € H)(T)}

Mow{(q, M e L?(Q) x L*(I /q+/ }

o For v € V, we denote v" := yp

A




Stokes flow with a thin layer

Limit problem

Asymptotic model problem

—pAug + Vpg

div ()

uo

[wo]

Ug71

_8spg >
Hoasu(l;,z)

oo = pon] =

Unknowns: (u{, u§®) and (pi*, p§®, i)

O O OO =

f_‘O +gzn _|_gez

in Q" U Qe
in Q™ U Qe
on OS2

on I
on I’

on I’

Extension to a smooth curved interface

30



Perspectives

5. Perspectives

Extension

@ Thin layer of non-Newtonian fluid
* Newtonian constitutive law: "
r=mD, D=j; (Vu+ VUT)
o quasi-linear constitutive law, popular but not realistic Oldroyd-B model:

v v v 8 T
* nonlinear constitutive law, more complex but realistic Giesekus model:

AL/
‘r—l—)\‘r—|—2/\‘r‘r 2n D

Ongoing work

@ Numerical method for Stokes equations with previous interface conditions

@ Implementation and numerical validation

@ Moving interface

31



Perspectives

Inf-sup condition on M, x V}

Steps of the proof

1

o Forany p= (pin,po,pea:) € My, let p= (ﬁm,ﬁo’ﬁez) with pi = o fQip .
Let p=p — p. Then for any v € Vj:

b(p,’l)) = / ﬁdiV’U + / ﬁoasvl + /(ﬁzn - ﬁex) v-n
Qe r T

o p' € L3(Q) for i = in, ex, hence standard inf-sup condition for 1st term:
I € Hy(QF) st. = (6",0,5°) € Vo, blp,d) = |l "?Bl§ qimuges

o p¥ € L3(T) so 31" € H}(T') and a continuous extension v'' € Vj s.t.
~1/2. .
b o) = 5 s + [ pdiva
QinyQex

o for p'™ — p°* € R there exists © € Vj s.t.

/F(pm —p)o-n= (p" —p*)" > C|lplls

32




Perspectives

Inf-sup condition on M, x V}

Steps of the proof

o take v = a® + B! + 4o with a, 3,7 > 0 chosen by using Young's
inequality s.t.
b(p,v) 2 allplls,  llollv < eallpllae

33
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