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Part I: Physical Systems

1 Concentration - Diffusion Dispersion Flux - Source Control
Mixed Constrained Transport Model

e Balance of mass principle

d d(¢pc .
e = fp 25 s diniou, o do §

= — fp 5" do+ [, [ dQ— [, d*n dOQ

e Primal evolution mized control transport problem

Find a primal-dual field (¢, d*, s*) of concentration - flux - control

6(;5;) +u-grad ¢+ divu ¢ + divd* = —s* + f* ‘
~Plwgrade=d i Q x (0,7)

c € 0p*(s*)

c=¢ on 8Q,, x (0,T)
d*n = d* o0 x0T

c(0) =& in 2



Part I: Physical Systems

2 Mass Flux Rate - Pressure
Mixed Compressible Darcian Flow Model

e Balance of mass principle
d
= Jp, ®p A2 /1, 090) | div(p duua) d2 = Jp, PT dQ— [, avom dOQ) (3)

e Dual evolution mized flow problem

Find a primal-dual field (w = pu, p*) of mass flux - pressure

u(pK)™'w = —grad p* + pg

5p* in Q2 x (0,7T)
opd 811 + div w + a divv = pg
(4)
w-n = fU\n on 6Qf}\,-
p* = p* on 92,

p*(0) = p§ in



Part I: Physical Systems

3 Velocity - Stress
Mixed Elastoviscoplastic Deformation Model

e Dual evolution quasistatic mized deformation problem

Find a primal-dual field (v, S™*) of velocity-stress

divS*(x,t) — agradp® + b*(x,t) € 80(v(x,t)) = {0} |
» (x,t) € 2 x (0,T)

V.o(z,t) — C_l(m)a(; (@) € 9p*(S* (1))

—S* (@, t)v(x) € Y py(v(x, 1)) = Ol (500 (v(, 1)) (@,t) € 9Qp x (0,T
—S*(z, t)w(x) € O py(v(w,t) = {*(x, 1)} (@,t) € 9y x (0,T
S*(x,0) = S (x) z€Q

(5)




Part II: Evolution Mixed Variational Inclusions

4 Variational Functional Frameworks

e Stationary T-transport, f-flow, d-deformation framework

QcC R spatial fixed bounded domain d € {1,2,3}

Vi(Q2) and Y*(2), s € {7, f,d} primal and dual Q-field reflexive Banach spaces

VX (2) and Y,(€2) topological duals
H(Q2) and Z*(2) primal and dual Hilbert pivot spaces
B, (092) and BX(012) primal and dual reflexive Banach boundary space

e Evolution reflerive Banach framework

Qx(0,T), T>0 space-time domain
V,=LP(0,T;V,()), 2<p < primal evolution space
Vi =L7(0,T;Y}Q), ¢ =p/lp—1) dual evolution space
Vi=L7(0,T;V}(Q), Vs=L70,T;Y.(R)) topological duals

B,so = LP(0,T; B,(09)), B*so= L7 (0,T; B*(95)) boundary evolution spaces



Part II: Evolution Mixed Variational Inclusions

5 Primal Evolution Mixed Variational Transport

e Concentration and normal flur mazimal monotone subdifferential
boundary variational equations (Alduncin 1989)

o7, d* € O (mrpe) = Oy (mpe) in B*(0K2)
5:Nd* € Oy (mrye) = {d}} in B*(9€2y)
e Primal trace compatibility property (Girault-Raviart 1986)

(Cx,) - € L(VZ(Q), B-(0R2)) is surjective

e Compositional duality boundary variational equivalence (Alduncin 2005)

nl 0l (nmpe) < (I o mrp)(c) (7)

e Primal variational divergence theorem: for y* € Y *(12)

div, y* + grad® y* = 716" y* in VX(Q) (8)



(Given fr € Vi & € H (Q), find c € W;,d* € Y* and s* € V:
gradtd* — I}, s* € % + (u-grad; + div;u)(c)
M) +0(I (e 0 mrp)(c) — f7 in V;
—grad, c = D'(d*) in YVr,
Iy.c € Opi(s*) in Vr,
| c0)=a

e Primal duality principle (Alduncin 2007): Under classical compatibility
condition

(Cy,) int D) £0 = (s 0 Iy,) = [0, 0 Iy,
problem (M.,) is solvable if, and only if, primal problem

(Findce W, :

0e % + (grad’ D grad, + u-grad,)(c) + div,u(c)

+0(Iy 0 p)(€) + Dipr(c) — FF, in V2

| (0) =

is solvable



Part II: Evolution Mixed Variational Inclusions

6 Dual Evolution Mixed Variational Flow

e Normal mass flur rate and pressure mazximal monotone subdifferential
boundary variational equations

07 P" € Oy (mpyw) = 0Lz ) (mpyw) in B*(0%yy)
(9)
5}01’* € Opp(mpyw) = {p*} in B*(9Qy)
e Primal trace compatibility property

(Cs;) mp € L(V5(2), Bf(09)) is surjective

e Compositional duality boundary variational equivalence

w’;’NaI{@n}(me) <~ O(Iz,) omsy)(w) (10)

e Primal variational divergence theorem: for y* € Y *(12)

diviy* +gradsy" = n[{6%y" inV}(Q) (11)



[ Given G € Yy, p € L*(Q), find w € V¢ and p* € Xy

divip* € OFf(w) — f} in Vi

(M) -

ot

—divyw = Af(p*)—— + a divv — pGg in Yy

e Dual duality principle: Under compatibility condition

(C

rr i) MDEF)OR(div]) #0 = O(Fjodivy) = divdFjodiv],

problem (M}) is solvable if, and only if, dual problem

[ Find p* € X}

*

R 0 :
(D%) { 0€ AspY) apt +8(F; o div")(p* +717}.) + & divv — pg in Y

| p*(0) = p§

is solvable



Part II: Evolution Mixed Variational Inclusions

7 Dual Evolution Mixed Variational Deformation

e Velocity and traction mazimal monotone subdifferential boundary
variational equations

5*dDS* € 8¢dD(1rde) = (9[{@}(71'(11)’0) in B*(anD)

(12)
0% 4 S™ € 0y (ayv — {s*} in B*(04,)
e Primal trace compatibility property
(Cly,) mq € L(V4(Q2), B4(02)) is surjective
e Compositional duality boundary variational equivalence
waaI{ﬁ}(wde) = 3(1{5} o ‘ITdD)(’U) (13)

o Primal variational divergence theorem: for T* € Y *(Q2)

HIT* + D T* = —71o5T* in V}(Q) (14)



[ Find v € V,; and S* cXJ:

—H1S* ¢ dF,(v) — b%(p*) in V;
(Md) ) dS*

Hav € Ay 7

+ 0®}(S*) in Yy

| 5%(0) = S;

e Dual duality principle: Under compatibility condition
(Cp,_pgr) it D(F})OR(—HY) 0 = 8(Fjo(~HY)) = —HudFjo(~HJ)
d*

problem (M) is solvable if, and only if, dual problem

(Find S* € X3 -

ds*
(Da) | 0 € Aa——+ 0DY(S™) + d(Fj o (—HD)(S* + REZ) in Ya
S*(0) = S

is solvable



Part III: Some Elastoviscoplastic Constitutivities

8 Norton-Hoff Model

e Nonlinear Mazwell viscoelastic material with conjugate dissipation or
yield conver superpotential

A
" (x, 5%) = E" inf{y: S5, € 1P| (15)

AEL®Q), 1<g< oo

S*

dev

= 8* — (1/n) tr(S*)I deviatoric part of of the stress S*

P convex set of admissible stress fields (gauge function)

e (LeTallec 1990) Under condition

(Cy) Gl Sgenll* < ¢™(, 5*) = ¢"(@, Sge) < Cill S|l

ev
dual evolution mized variational deformation problem (M) is solvable
relative to the mized velocity-stress spatial functional framework, for 2 <
p<+oo and ¢* =p/(p—1)

V(Q) ={ve W' (Q): divv e L*Q)}
(16)
Y*(Q) = {T :tr(T) € L*(), T, € L*(Q)}



Part III: Some Elastoviscoplastic Constitutivities

9 Perzyna Model

e Flastic-viscoplastic constitutive model with differentiable conjugate dis-
sipation or yield functional (Perzyna 1966)

P(8%) = 51"~ TIp(8")|° (17

v > () viscosity parameter

I1p orthogonal projection into admissible Cauchy stress convex set P

e (Rochdi-Sofonea 1997) On usual mized velocity and stress field Hilbert
spaces

V(Q) =H' Q)
(18)
Y(Q) = H(div;Q) = {T € L*(Q): T =T",div T € L*Q)}

dual evolution mized deformation problem M) is solvable



Part III: Some Elastoviscoplastic Constitutivities

10 Elastic-Perfectly-Plastic-Model

e FElastic perfectly plastic material with conjugate dissipation or yield
convex superpotential

@"(S*) = Ip(S¥) (19)
P closed convex set of elastic stress fields

OP the yield limit

e (Sofonea-Renon-Shilor 2004) In the mized wvelocity-stress Hilbert

framework
V(Q) =H'Q)

(20)
Y(Q) ={TecL*Q):T=T"

the solvability of evolution dual problem Dy, and consequently, the
solvability of corresponding mized problem (M) is guaranteed



Part IV: Macro-Hybrid Variational Formulations

11 Variational Macro-Hybrid Functional Framework

e Nonoverlapping domain decomposition
0= Q Qeﬂﬂf=ﬂ 1<e< f<FE
[,=00.NQ 1<e<FE (internal boundaries) (21)

Feg=T.NTy 1<e< f<E (interfaces)

e Decomposable reflerive Banach stationary mized framework

Vo) = {v e Vi({2}) = efll Vi() : {0} € Qs C By({T,.})}

Y@ =Y ({2} = Y’"(Q )
(22)

e Dual internal boundary transmission polar subspace

Q: = {{m} € BIUTWY) - (i} el py e,y = 0V {ne} € Qs (23)

e Under the fundamental macro-hybrid compatibility condition
(Alduncin 2007)

(Cirry) [me] € (C(V({2:}), BULL))) is surjective

{Ao} €0y, olmy [({us}) &= {m,us} € 0Ip-({A})  (24)




Part IV: Macro-Hybrid Variational Formulations

12 Macro-Hybrid Primal Mixed Variational Transport

(Forl1<e<E, find cc € Wr,,d; € Y*rq_ and s; € V'r

g'radZ;d: — I%; nes: — 7711;2’\:e € d(ﬁ;ce) + (Uegrad,, + div. uc)(c.)

+‘9(I{8e} o rp)(ce) — :1 in v*TQe

—grad;, c. = D,-e_l(d:) in Yrg,

Iy, ce € 0g7(s?) in Vo,

| ce(0) =&,
synchronized by dual transmission problem

Find {\! } € B?

T(re)

{mm,cc} € 8Iq;({A})

(T3)




Part IV: Macro-Hybrid Variational Formulations

13 Macro-Hybrid Dual Mixed Variational Flow

(For1<e<E, find we € Vs, and p; € &Xf, -

di'v:; P — ﬂ'g;,e)\}e € OFy (we) — f 7. n v;ne

6 &
~divj.we = Ay, () + e divgve = pdc i Vp,

| p:(0) = pp,
synchronized by dual transmission problem

Find {)\} } € B;{re} :
(T75)

Amer,we} € Ol ({AL}) in By,




Part IV: Macro-Hybrid Variational Formulations

14 Elastoviscoplastic Multi-Constitutive Models

e Macro-hybrid localized elastoviscoplastic constitutivities models of dual
evolution mized deformation problem (M)

(For1<e<E, ﬁnd('ve,S':)Gvdnexé\f";‘ﬂ :

HTS: — 7l Ny € 0F(v) By () i Vi,

e

dS*
H,v.c A, dte + 0@} (S}) in Yagq,

| S:(0) =S,
synchronized by dual transmission problems

Find {Aj } € B;{r .
(T2)
{‘R'dre’ve} S 8103({)‘;3}) in Bd{re}
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